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Coxeter Groups and Wavelet Sets 

David R. Larson and Peter Massopust 

Abstract. A traditional wavelet is a special case of a vector in a separable 
Hilbert space that generates a basis under the action of a system of uni- 
tary operators defined in terms of translation and dilation operations. A 
Coxeter/fractal-surface wavelet is obtained by defining fractal surfaces on fold- 
able figures, which tesselate the embedding space by reflections in their bound- 
ing hyperplanes instead of by translations along a lattice. Although both 
theories look different at their onset, there exist connections and communali- 
ties which are exhibited in this semi-expository paper. In particular, there is 
a natural notion of a dilation-reflection wavelet set. We prove that dilation- 
reflection wavelet sets exist for arbitrary expansive matrix dilations, paralleling 
the traditional dilation-translation wavelet theory. There are certain measur- 
able sets which can serve simultaneously as dilation-translation wavelet sets 
and dilation-reflection wavelet sets, although the orthonormal structures gen- 
erated in the two theories are considerably different. 



1. Introduction 

This article is meant to mesh together two distinct approaches to wavelet the- 
ory: the traditional dilation-translation approach that was the subject of the mem- 
oir |DLj co-authored by the first author, and the Coxeter/fractal-surface approach 
that was developed by the second author in [ GHMll rGHM2j and the book |M2| . 
The two approaches seem distinctly different under initial scrutiny. However, it 
turns out that both approaches carry a natural notion of "wavelet set" , and while 
these have different meanings in the two theories, we have recently discovered, 
with some surprise, that there is more than a little connection between the two 
notions of "wavelet set." Indeed, in the plane K^, with dilation (scale factor) 2, 
the "dyadic case" , some of the known wavelet sets in the dilation-translation the- 
ory, and in particular the "wedding cake set" (c.f. |DL| . p. 59, and [DLS2]) 
and the "four-corners set" (c.f. [PL] , p. 57, and |DLS2p are both also wavelet 



2000 Mathematics Subject Classification. Primary 20F55, 28A80, 42C40, 51F15; Secondary 
46E25, 65T60. 

Key words and phrases. Coxeter groups, reflection groups, Weyl groups, root systems, fractal 
functions, fractal surfaces, wavelet sets. 

The first author was partially supported by grants from the National Science Foundation 
and the second author was partially supported by the grant MEXT-CT-2004-013477, Acronym 
MAMEBIA, of the European Commission. Both authors participated in NSF supported Work- 
shops in Linear Analysis and Probability, Texas A&M University. 



1 



©0000 (copyright holder) 



2 



DAVID R. LARSON AND PETER MASSOPUST 



sets in the Coxeter/ fractal-surface multiresolution-analysis theory. We remark that 
Coxeter/fractal-surface "wavelet sets", as such, were not formally defined in the 
book [M2 and were not part of the original Coxeter-MRA theory that was for- 
mally defined and developed in [GHMJL, GHM2] and [M2 . However, in a project 
we began three years ago, while both of us were participants at an international 
conference on Abstract and Applied Analysis in Hanoi, Vietnam, we decided to 
pursue the possibility of a connection between the subjects of our two talks. This 
resulted in developing the |GHMll IGHM21 IM2| theory a bit further, including 
a proper notion of "wavelet set" in that context. 

The structure of this paper is as follows. In Section 2, we review some aspects 
of traditional wavelet theory, introduce the concept of wavelet set, translation and 
dilation congruence, and abstract dilation-translation pair, and summarize some of 
the results from the theory of dilation-translation wavelet sets. A class of fractal 
functions and fractal surfaces is introduced in Section 3 and some of their proper- 
ties are mentioned. Section 4 deals with Coxeter groups, affine Weyl groups, and 
foldable figures to the extend that is necessary for this paper. Fractal surfaces on 
foldable figures are defined in Section 5 and are shown to generate multiresolution 
analyses in Section 6. The concept of dilation-refiection wavelet set is introduced 
in Section 7 and it is shown that these wavelet sets exist for arbitrary expansive 
matrix dilations. We exhibit two examples of measurable sets that serve simulta- 
neously as dilation-translation as well as dilation-reflection wavelet sets, although 
the orthonormal structures they define are intrinsically different. In Section 8, we 
consider some questions of a general nature regarding dilation-reflection wavelet 
sets and pose two open problems. 

2. Some Aspects of Traditional Wavelet Theory 

A traditional wavelet is a special case of a vector in a separable Hilbert space 
that generates a basis under the action of a collection, or "system" , of unitary 
operators deflned in terms of translation and dilation operations. A traditional 
wavelet set is a measurable set whose characteristic function, scaled appropriately, 
is the Fourier Transform of a (single) orthonormal wavelet. Multi- versions have 
been studied, as well as frame analogues. In |DLS1| . Dai and Speegle, together 
with the first author, found a proof of the existance of wavelet sets in the plane 
and in higher dimensions. The announcement of the existance of such wavelet sets 
stimulated the construction of examples of such sets by several authors, beginning 
with Soardi and Weiland [SWJ, and then Baggett, Medina and Merrill [BMM., and 
Benedetto and Leon |BL] . Wavelet sets have been a part of the wavelet literature 
for a number of years now. 

A dyadic orthonormal wavelet in one dimension is a unit vector t/j e L^(M,/z), 
with /i Lebesgue measure, with the property that the set 

(2.1) {2tV(2"i-^)|n,^eZ} 

of all integral translates of '0 followed by dilations by arbitrary integral powers of 
2, is an orthonormal basis for L^(E,/i). The term dyadic refers to the dilation 
factor "2". The term mother wavelet is also used in the literature for ^. Then the 
functions 

V'„,^(i) :=2tV;(2"i-^) 
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are called elements of the wavelet basis generated by the "mother" . The functions 
ipn/ will not themselves be mother wavelets unless n — 0. Let T and D be the 
translation (by 1) and dilation (by 2) unitary operators in B{L'^{M.)), the Banach 
space of bounded linear operators from i-^(M) to itself, given by {Tf){t) = f{t— 1) 
and {Df){t) = \/2/(2t). Then 

2tV(2"t-^) = iD"T^i:){t) 

for all n^iCzli. Operator-theoretically, the operators T, D are bilateral shifts of 
infinite multiplicity. It is obvious that L^{[0, 1]), considered as a subspace of L^(M), 
is a complete wandering subspace for T, and that L^([— 2, —1] U [1, 2]) is a complete 
wandering subspace for D. 

A complete wandering subspace E for a unitary operator D acting on a Hilbert 
space 7? is a closed subspace of H for which {D"E \ n € Z} is an orthogonal 
decomposition of H. A unitary operator is called a bilateral shift if it has a complete 
wandering subspace. In that case its multiplicity is defined to be the dimension of 
the wandering subspace. 

An abstract interpretation is that, since Z? is a bilateral shift it has (many) 
complete wandering subspaces, and a wavelet for the system is a vector ^ whose 
translation space (that is, the closed linear span of {T''\k e Z} is a complete 
wandering subspace for D. Hence ijj must generate an orthonormal basis for the 
entire Hilbert space under the action of the unitary system. 

In one dimension, there are non-dyadic orthonormal wavelets: i.e. wavelets 
for all possible dilation factors besides 2 (the dyadic case) . We said "possible" , 
because the scales {0,1,-1} are excluded as scales because the dilation operators 
they would introduce are not bilateral shifts. All other real numbers for scales yield 
wavelet theories. In |DL| . Example 4.5 (x), a family of examples is given of three- 
interval wavelet sets (and hence wavelets) for all scales d > 2, and it was noted 
there that such a family also exists for dilation factors 1 < d <2. 

Let 1 < n < oo, and let Ahe an nxn real invertible matrix. The most tractable 
such matrices for dilations in wavelet theory are those that are expansive. 

Remark 2.1. There are at least six equivalent characterizations of the prop- 
erty "expansive" for an n x n real invertible matrix A. It may be good to give 
them here for sake of exposition (and it can make a good student exercise to verify 
these equivalences). Any of the first five can be (and sometimes is) taken as the 
definition, and the sixth is particularly useful for wavelet theory. The first charac- 
terization is that all (complex) eigenvalues of A have modulus > 1. A second is that 
[jlA'^Bi I ^ € N} = K", where Bi := Bi(0) is the open unit ball of M". A third is 
that for each nonzero vector x G M", the sequence of norms | ^ G N} is un- 

bounded. A fourth characterization is that the sequence of norms{| | : ^ e N} 
converges to 0. A fifth (which is a quantitative version of the second) is that for each 
neighborhood iV of and each r > 0, there exists an £ e N such that Bo{r) C A^N. 
And the sixth is that for each open set F which is bounded away from 0, and each 
r > 0, there exists an ^ G N such that A^F contains a ball B^ip) of radius r and 
some center p (where p depends on F and r) . 

By a dilation - A regular-translation orthonormal wavelet we mean a function 
e L2(M") such that 

(2.2) {|det(A)|tV(^"i-^)l"eZ,^eZ",i = l,...,n} 
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where I — ...^In)^ , is an orthonormal basis for l?{W^\m). (Here m is 

product Lebesgue measure, and the superscript ^ means transpose. )If A G Af„(E) 
is invertible (so in particular if A is expansive), then the operator defined by 

(2.3) (i?A/)(i) = |detA|5/(At) 

for / e L^(I1X"), t g M", is unitary. For 1 < i < n, let Ti be the unitary operator 
determined by translation by 1 in the z*'' coordinate direction. The set (5) above 
is then 

(2.4) {d'xt(^ ■■■T,i"^\k,e,ez} 

If the dilation matrix A is expansive, but the translations are along some oblique 
lattice, then there is an invertible real nxn matrix T such that conjugation with Dt 
takes the entire wavelet system to a regular-translation expansive-dilation matrix. 
This is easily worked out, and was shown in detail in |ILP] in the context of working 
out a complete theory of unitary equivalence of wavelet systems. Hence the wavelet 
theories are equivalent. 

Much work has also been accomplished concerning the existence of wavelets for 
dilation matrices A which are not expansive. But there is no need to go into that 
here. 

2.1. Fourier Transform. We will use the following form of the Fourier- 
Plancherel transform ^ on Ti. — L'^(IR), which is a form that is normalized so 
it is a unitary transformation, a property that is desirable for our treatment. If 
/,5 e L\R)nL^{R) then 

(2.5) (^/)(.) / e-^^'fm := /(.), 
and 

(2.6) i-^-'gm = / e^''g{s)ds. 



/2n 



{^T^f){s) = -L / e-"'f{t - a)dt = e-'^«(^/)(s). 



We have 

/27r 

So ^T^.^'^g = e-^^"5. For A e B{n) let A denote .^A.^-^. Thus 
(2.7) f„ = A4-..., 

where for h e L°° we use Mh to denote the multiplication operator / i— > hf . Since 
{Mg-iQs I a € M} generates the m.a.s.a. (maximal abelian self adjoint operator 
algebra) I?(IR) := {Mh \ h G L°°{M.)} as a von Neumann algebra. Let At denote 
the von Neumann algebra generated by {Tq : a e M}. We then have 

^At^^^ =V(R). 

Similarly, 



/2tt 



(V2)-" • ^ / e~'^'"''fit)dt 
(^/2)-2(^/)(22-"^) = (i^-«^/)(s). 
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So £>" = = D"\ Therefore, 

(2.8) D = D-^ = D*. 

Wavelet sets belong to the theory of wavelets via the Fourier transform. As 
mentioned earlier, we define a wavelet set in M to be a measurable subset E of 
M for which -^^Xe is the Fourier transform of a wavelet. The wavelet "ipE '■— 
-^^Xe is called s-elementary in |DL] . The class of wavelet sets was also discovered 
and systematically explored completely independently, and in about the same time 
period, by Guido Weiss (Washington University), his colleague and former student 
E. Hernandez (U. Madrid), and his students X. Fang and X. Wang [H WWLlFW] . 
In this theory the corresonding wavelets are are called MSF (minimally supported 
frequency) wavelets. 

2.2. Shannon Wavelet. The two most elementary dyadic orthonormal wave- 
lets are the well-known Haar wavelet and Shannon's wavelet (also called the Little- 
wood-Paley wavelet) . The Haar wavelet is the prototype of a large class of wavelets, 
and is the function given in the time domain by V' = X[o,i/2)~X[i/2,i)- The Shannon 



set (2.9 1 is the prototype of the class of wavelet sets. 

Shannon's wavelet is the iy^(M)-function ijjs with Fourier transform ips — 
^T^XBo where 

(2.9) Eq = [-27r, -tt) U [tt, 2tt) . 

The argument that V's is a wavelet is in a way even more transparent than for 
the Haar wavelet. And it has the advantage of generalizing nicely. For a simple 
argument, start from the fact that the set of exponentials 

restricted to [0,27r] and normalized by is an orthonormal basis for L^[0, 27r]. 
Write Eo ^ E^UE+ where E^ = [-27r, -tt), E+ = [tt, 27r). Since {E_ + 2t:, E+} is 
a partition of [0,27r) and since the exponentials e*^* are invariant under translation 
by 2tt, it follows that 

„i£s 



(2.10) 



e' 

'2tt 



\eez 

Eo 



is an orthonormal basis for L'^{Eq). Since T — M^-i!>, this set can be written 

(2.11) {f^^.l ^eZ}. 

Next, note that any "dyadic interval" of the form J — [6,26), for some 6 > has 
the property that {2"J| n G Z}, is a partition of (0,oo). Similarly, any set of the 
form 

(2.12) /C = [-2a, -a) U [6, 26) 
for a,6 > 0, has the property that 

{2"/C| neZ} 

is a partition of R\{0}. It follows that the space L^(/C), considered as a subspace 
of iy^(K), is a complete wandering subspace for the dilation unitary (Z3/)(s) — 
V2 /(2s). For each n e Z, 

(2.13) D'-^L^iK)) = l2(2-"/C). 



6 



DAVID R. LARSON AND PETER MASSOPUST 



So ^^_D"(L^(/C)) is a direct sum decomposition of L^(M). In particular Eq has 
this property. So 

C Us > r 2"i^s ^ 

(2.14) <^ ^ I £gZ} = I -^=- \ IgZ} 

[ V2^ Eo' j { V27r 2-"Eo J 

is an orthonormal basis for L^(2~"£'o) for each n. It follows that 

is an orthonormal basis for L^{W). Hence {D^T^ips \ n, £ S Z} is an orthonormal 
basis for L^(]R), as required. 

2.3. Spectral Set Condition. Prom the argument above (lesc;ribing why 
Shannon's wavelet is, indeed, an orthonormal basis generator, it is clear that suffi- 
cient conditions for to be a wavelet set are 

(i) the normalized exponential -k=e^^^, ^ e Z, when restricted 
to E should constitute an orthonormal basis for L?(E) (in other 
words E ]s & spectral set for the integer lattice Z), 

and 

(ii) The family {2"i5 | n G Z} of dilates of E by integral powers 
of 2 should constitute a measurable partition (i.e. a partition 
modulo null sets) of M. 

These conditions are also necessary. In fact if a set E satisfies (i), then for it to 
be a wavelet set it is obvious that (ii) must be satisfied. To show that (i) must be 
satisfied by a wavelet set E, consider the vectors 

W^JE = -^X2-nE, n e z. 
V 27r 

Since -ipE is a wavelet these must be orthogonal, and so the sets {2"'E | n e Z} 
must be disjoint modulo null sets. It follows that {^^^^^^\e | ^ € Z} is not only 

an orthonormal set of vectors in L'^{E), it must also span L'^{E). It is known from 
the theory of spectral sets (as an elementary special case) that a measurable set 
E satisfies (i) if and only if it is a generator of a measurable partition of R under 
translation by 27r (i.e. iff {E + 27rn | n € Z} is a measurable partition of M). This 
result generalizes to spectral sets for the integral lattice in M". For this elementary 
special case a direct proof is not hard. 

2.4. Translation and Dilation Congruence. We say that measurable sets 

E, F arc translation congruent m,odulo 27r if there is a measurable bijcction \ E ^ 
F such that (/)(s) — s is an integral multiple of 2n for each s £ E; or equivalently, 
if there is a measurable partition {En \ n gZ} of E such that 

(2.15) {En + 2mr\ n e Z} 

is a measurable partition of F. Analogously, define measurable sets G and H to 

be dilation congruent modulo 2 if there is a measurable bijcction r | G H such 
that for each s G G there is an integer n, depending on s, such that t(s) = 2"s; or 
equivalently, if there is a measurable partition {Gn}t=-oo of G such that 

(2.16) {2"G}+-_^ 
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is a measurable partition of H. (Translation and dilation congruency modulo other 
positive numbers of course make sense as well.) The following lemma is useful. It 
is Lemma 4.1 of |DL] . 

Lemma 2.2. Let f e i^(IR), and let E = supp(/). Then f has the property 

that 

is an orthonormal basis for L'^{E) if and only if 

(i) E is congruent to [0, 27r) modulo 2'k, and 

(ii) 1/(^)1 = ^ onE. 

We include a sketch of the proof of Lemma |2.2| for the case / = xe , because the 
ideas in it are relevent to the sequel. For general / the proof is a slight modification 
of this. If i? is a measurable set which is 27r-translation congruent to [0,27r), then 
since 



[0,2ir) 



is an orthonormal basis for L^[0, 2tt] and the exponentials e*^^ are 27r-invariant, as 
in the case of Shannon's wavelet, it follows that 













\V2n 


E 





is an orthonormal basis for L'^{E). 

Conversely, if E is not 27r-translation congruent to [0,27r), then either E is 
congruent to a proper subset of [0,27r), which is not of full measure, or there 
exists an integer k such that E {E + 2nk) has positive measure. In the first case, 
since the exponentials -^7== restricted to [0.27r) do not form an orthonormal basis 

for i^([0, 27r)), the same exponentials restricted to E cannot form an orthonormal 
basis for L'^{E). In the second case, let Ei = E (1 (E + 27rfc), and E2 = E — 27rfc = 
(E - 27rfc) n E, and let h = xei - XE2 ■ Then h e L'^{E) , and 

hi. ' 



for all £ e Z. Thus the exponentials ^7= 



27T E' 

cannot even span {E) . This completes 



the proof sketch. 

Next, observe that if E is 27r-translation congruent to [0, 2ti), then since 

{[0,27r) + 27m| 71 £ Z} 
is a measurable partition of M, so is 

{E + 2T:n\ n£ Z}. 

Similarly, if F is 2-dilation congruent to the Shannon set Eq = [— 27r, — tt) U [tt, 2tt), 
then since {2"£^o : n S Z} is a measurable partition of E, so is {2"F : n S Z}. 

These arguments can be reversed. We say that a measurable subset G C M is 
a 2-dilation generator of a partition of K if the sets 

(2.17) 2"G' := {2"s| s S G}, neZ 
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are disjoint and M\U„2"G is a null set. Also, we say that C M is a 2Tr-translation 
generator of a partition of M if the sets 

(2.18) E + 2n7r := {s + 2mr\ s e E}, n G Z, 

are disjoint and M\ U„ {E + 2mr) is a null set. 
The following is Lemma 4.2 of |DLj . 



Lemma 2.3. A measurable set E CM. is a 2t: -translation generator of a par- 
tition ofR if and only if modulo a null set, E is translation congruent to [0,27r) 
modulo 27r. Also, a measurable set G Q M. is a 2-dilation generator of a partition 
ofR if and only if, modulo a null set, G is a dilation congruent modulo 2 to the set 
[-27r, -tt) U [7r,27r). 

Definition 2.4. By a fundamental domain for a group of (measurable) trans- 
formations on a measure space {^,fi) we will mean a measurable set G with the 
property that {g{G) : g € fj} is a measurable partition (tessellation) of il; that is, 

f2 \ I J g{G) is a /x-nuU set and gi{G) n .92 (C*) is a /x-nuU set for 51 7^ 32- 




Thus the sets E and F in Lemma 2.3 are fundamental domains for the groups 



generated by 27r and dilation by 2, respectively. Moreover, Lemma |2.3| actually 
characterizes the fundamental domains for those groups. 

2.5. A Criterion. The following is a useful criterion for wavelet sets. It was 
published independently by Dai-Larson in |_DLJ and by Fang and Wang in [FW] 
at about the same time (December 1994). 

Proposition 2.5. Let i? C M be a measurable set. Then i? is a wavelet set if 
and only if E is both a 2-dilation generator of a partition (modulo null sets) of M 
and a 27r-translation generator of a partition (modulo null sets) of M. Equivalently, 
i? is a wavelet set if and only if E is both translation congruent to [0,27r) modulo 
27r and dilation congruent to [— 27r, — tt) U [7r,27r) modulo 2. In the terminology 
of Definition |2.4| E is a wavelet set if and only if i? is a fundamental domain for 
this dilation group and at the same time a fundamental domain for this translation 
group. 

Note that a set is 27r-translation congruent to [0, 2tt) iff it is 27r -translation 



congruent to [— 27r,7r) U [tt, 27r). So the last sentence of Proposition 2.5 can be 
stated: A measurable set i? is a wavelet set if and only if it is both 27r -translation 
and 2-dilation congruent to the Littlewood-Paley set [— 27r, — tt) U [7t,2tt). 

For our later purposes, we need the generalization of the above results to M". 
To this end, a few definitions are necessary. 

Let AT be a metric space and m a cj-finite non-atomic Borel measure on X for 
which the measure of every open set is positive and for which bounded sets have 
finite measure. Let T and V be countable groups of homeomorphisms of X that 
map bounded sets to bounded sets and which are absolutely continuously in the 
sense that they map m-nuU sets to m-nuU sets. Furthermore, let 5 be a countable 
group of absolutely continuous Borel isomorphisms of X. Denote by B the family 
of Borel sets of X. 

The following definition completely generalizes our definitions of 27r-translation 
congruence and 2-dilation congruence given in the beginning of subsection 2.4. 
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Definition 2.6. Let E,F g B. We call E and F Q-congruent and write 
E F, if there exist measurable partitions {Eg g £ G} and {Fg : g £ Q} oi E 
and F, respectively, such that Fg = g{Eg), for all g E Q, modulo m-nuU sets. 

Proposition 2.7. 

(1) ^/-congruence is an equivalence relation on the family of m-measurable 
sets. 

(2) If is a fundamental domains for Q, then is a fundamental domain for 
^ iff F ~e E. 

Proof. See |DL]. □ 

Definition 2.8. We call {'D^T) an abstract dilation-translation pair li 

(1) For each bounded set E and each open set F there exist elements 5 E V 
and T e T such that t{F) C S{E). 

(2) There exists a fixed point 6 G X for V with the property that if N is any 
neighborhood of 9 and E any bounded set, there is an element 5 EV such 
that 5{E) c N. 

The following result and its proof can be found in |DLS1] . 

Theorem 2.9. Let X, B, m, V, and T as above. Let {V,T) be an abstract 
dilation-translation pair with 6 being the T) fixed point. Assume that E and F are 
bounded measurable sets in X such that E contains a neighborhood of 9, and F has 
non-empty interior and is bounded away from 9. Then there exists a measurable set 
G <Z X, contained in ^{F), which is both D-congruent to F and T -congruent 

to E. 

The following is a consequence of Proposition |2.7| and Theorem |2.9| and is the 
key to obtaining wavelet sets. 



Corollary 2.10. With the terminology of Theorem \2.S\ if in addition F is a 
fundamental domain for T) and E is a fundamental domain for T , then there exists 
a set G which is a common fundamental domain for both T) and T . 

In order to apply the above result to wavelet sets in M" , we make the following 
definition. 

Definition 2.11. A dilation A-wavelet set is a measurable subset E o/M" for 
which the inverse Fourier transform of {m{E))^^/^ xe is an orthonormal dilation 
A-wavelet. 

Two measurable subsets H and K of M" are called A-dilation congruent, in 
symbols H K, if there exist measurable partitions {Hi \£ £ Z} oi H and 
{Kfi I £ S Z} of K such that Ki — A^Hg modulo Lebesgue null sets. Moreover, 
two measurable sets E and F of M" are called 2^ -translation congruent, written 
E ^T-^^ F, if there exists measurable partitions {Ei \ i € Z"} of E and {Eg \ £ G Z"} 
of F such that Ft = Ee + 2tt£ modulo Lebesgue null sets. 

Note that this generalizes to M" our definition of 27r-translation congruence for 
subsets of R. Observe that A-dilation by an expansive matrix together with 27r- 
translation congruence is a special case (in fact, it is really the prototype case) of an 



abstract dilation-translation pair (Definition 2.8 1. Let V be the group of dilations 



by powers of A, {A^ \ £ G Z} on M", and let T be the group of translations by the 
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vectors {27rfc | k E Z"}. Let E be any bounded set, and let F be any open set that 
is bounded away from 0. Let r > be such that E C 5^(0). Since A is expansive 
there is an £ g N such that A^F contains a ball B of radius large enough so that 
B contains some lattice point 2/c7r together with the ball Bji{2kTT) of radius R > 
centered at the lattice point. Then E + 2fc7r C A^F. That is, the 2fc7r-translate of 



E is contained in the A -dilate of F, as required in (1) of Definition 2.8 For (2) 
of Definition |2.8| let 6* = 0, and let iV be a neighborhood of 0, and let E be any 
bounded set. As above, choose r > with E C Br{0)- Let ^ G N be such that A''^N 
contains Br{0). Then A~^ is the required dilation such that A~^E C N. 

Note that if is a measurable subset of M" that is 27r-translation congruent 
to the n-cube E :— X5!^]^[— tt, tt), it follows from the exponential form of Tj that 

i^f(^f^^ • ••f^" {m{W))~^/^Xw\^^ iei,£2,---Jn) e is an orthonormal basis 

for L^{W). Furthermore, if A is an expansive matrix, i.e., A is similar to a strict 
dilation, and B the unit ball of M" then with Fa ■= A{B) \ B the collection 
{A'^Fa : fc e Z} is a partition of M" \ {0}. As a consequence, L^(Fa), considered 
as a subspace of is a complete wandering subspace for Da- Hence, L^(M") 

is a direct sum decomposition of the subspaces {D\L^ {Fa) \ k € Z}. Clearly, any 
other measurable set F' Fa has this same property. 

The above theorem not only gives the existence of wavelet sets in K" , but also 
shows that there are sufficiently many to generate the Borel structure of M" . For 
details, we refer the reader to |DLSlj . For our purposes, we only quote Corollary 
1 in |DLS1| . as a theorem. 

Theorem 2.12. Let n gN and let A be an expansive nx n matrix. Then there 
exist dilation-A wavelet sets. 

Some concrete examples of wavelet sets in the plane were subsequently obtained 
by Soardi and Weiland, and others were obtained by Gu and by Speegle in their 
thesis work at Texas A&M University. Two additional examples were constructed 
by Dai for inclusion in the revised concluding remarks section of [DLj . 

3. Iterated function systems and fractal functions 

Fractal (interpolation) functions were first systematically introduced in [B]. 
Their construction is based on iterated function systems and their properties [BDj 

m- 

To this end, recall that a contraction on a metrizable space (M, d) is a mapping 
f : M ^ M such that there exists a < A: < 1, called the contractivity constant, 
so that for all x,y £ M 

d{f{x)J{v))<kd{x,y). 

Definition 3.1. Let {X,d) be a complete metrizable space with metric d and 
let {Ti \ i = 1, . ■ . , N} be a finite set of contractions on X. The pair ((X, d), {T^}) 
is called an iterated function system (IFS) on X. 

With the finite set of contractions, one can associate a set-valued operator 
^ , called the Hutchinson operator, defined on the hyperspace H{X) of nonempty 
compact subsets of X endowed with the Hausdorff metric dn ■ 

N 

-.^[jT.iE). 
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It is easy to show that the Hutchinson operator is contractive on the complete 
metric space (H(X), dfj) with contractivity constant maxi<i<jvSi, where Si is the 
contractivity constant of Ti. By the Banach Fixed Point Theorem, has a unique 
fixed point, called the fractal F associated with the IFS ((X, d), {Ti}). The fractal 
F satisfies 

N 

(3.1) F=^(F) = |Jr,(F), 

4 = 1 

i.e., F is made up of a finite number of images of itself. The proof of the Banach 
Fixed Point Theorem shows that the fractal can be iteratively obtained via the 
following procedure. Choose Fq G H{X) arbitrary. Define 

F„ ^{Fn^i), neN. 

Then F = lim Fn, where the limit is taken in the Hausdorff metric. 

n — *C30 

A special situation occurs when X := [a, b] x M. C M.'^ , a < b, and d is the Eu- 
clidean metric. Let {{xj, yj) \ xq :— a < xi < . . . x^ '■— b, yj € M, j = 0, 1, . . . , N} 
be a given set of interpolation points. For i = 1, . . . , A^, let £ (—1, 1) and let 
Fo :— [a, b] x [a, b]. Define images TjFg, i = 1, . . . , A^, of Fq as follows. Tji^o is the 
unique parallelogram with vertices at (xi-i, {xi, yi), {xi, yi + Si{b — a)), and 

(a;i_i, yi-i + Si{b — a)). There exists a unique affine mapping Ti : X ^ X such that 
r,Fo = r,(Fo), namely 



T, 



x\ ^ fa^ Q\ fx\ ^ fa.i 
y) \ci sj [yl I A 



where 



Vi -Vi^i- Si ivN - yo) 



— a — a 

bx^^i - axi byi^i - ayi - s., {byo - ayN) 

oii ■■= r , Pi r ■ 

b — a b — a 

Since the scaling factors Si are in modulus less than one, the affine mappings Ti are 
contractive on X and thus {{X, d), {Ti}) is an IFS. As such, it has a unique fixed 
point F, which turns out to be the graph of a continuous function / : [a, 6] ^ M 
satisfying f{xj) = yj, for j = 0, 1, . . . , A^. (See [B]) The graph of / is in general a 
fractal set in the above sense and contains the given set of interpolation points. 

Example 3.2. Let a = 0, b = 1, N — 2, and choose interpolation points 
{(0,0), (0.5,0.7), (1,0)} and scahng factors si = 0.6 and S2 = 0.4. The sequence 
of graphs in Figure [l] shows the geometric construction of a fractal function with 
these parameters as outlined above. 



Writing the fixed point equation (3.1) using the affine mappings Ti for a point 



(x, f{x)) on the graph of a continuous fractal function / yields 



x \ / Uj 0\ / X 



fix) 



ce[a,fc] 



s^J \f{x) 

Setting Ui{x) := UiX + and Pi{x) := CiX + Pi, i — 1, . . . , N , one can rewrite the 
second component of the above equation as 

f{x)^Pi{uY^{x)) + sJ{ur^{x)), xe [Xi_i,Xi], 
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Figure 1. The geometric construction of a fractal function 



or, equivalently, 

N 



(3.2) 



N 



X G [a, b], 



i=l 

where x is the indicator function and p the hnear sphne whose restriction to any of 
the intervals equals pi o u^^. Such a fractal function may be considered 

as a linear spline parametrized by the row vector s :— (si, . . . , s^). 

Note that the functions pi are uniquely determined by the interpolation points 
and that the fractal functions is uniquely determined by the row vector p := 
{pi, . . . ,pm) and the scahng factors (si, . . . , s„). We suppress the dependence of a 
fractal function / on (si, . . . , s„) but write f — fp when necessary. 

Denote by 11^ [a, 6] the linear space of real polynomials of degree at most one 
on [a, b] and by C[a, b] the space of continuous functions on [a,b\. 

Theorem 3.3. The mapping 6 : n^[a, 6]^ n C[a, 6] 3 p ^ fp is a linear 
isomorphism. 

Proof. The result follows from the above observations and the uniqueness 
of the fixed point: fap+q — a fp + fq, a e R and p,q £ Il^[a,b]^ . (See also 

[MllMS]) □ 

Since the space n^[a, b]^ n C[a, b] is {N + l)-dimensional {2N free parameters 
plus N — 1 join-up conditions at the interior interpolation points), the space i?^[a, b] 
of all continuous fractal functions on [a,b] generated by functions in 11^ [a, 6]^ has 
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also dimension + 1. An basis for ^5^[a, fe] can be found by choosing as the ith 
basis function the continuous fractal function that interpolates according to 

ei{xj)^5ij, i,j ^0,1,... ,N. 

It follows immediately from the uniqueness of the fixed point, that every continuous 
fractal function / € ^[a, b] can be written as a linear combination of the form 

N 

(3.3) /(x) = ^2/jej(a;). 

j=o 

Using the Gram-Schmidt Orthonormalization procedure and the fact that the L^- 
inner product of two fractal functions in ^5^[a,5] over the same knot set {xj \j — 
0, 1, . . . , n} can be explicitly computed in terms of the parameters (si, . . . , sn) 
and the functions in n-'^[a, 5]^ n C[a, 6] (cf. |M2p . the basis {ej} can also be 
orthonormalized . 



Equation (3.2 1 can be interpreted as the fixed point equation for a function- 
valued operator ^ and this interpretation leads to a more abstract definition of 
fractal functions. The following theorem gives a general construction of fractal 
functions in terms of so-called Read-Bajraktarevic operators. 

Theorem 3.4. Let fl cM. be compact and 1 < e N. Assume that : — > 
are contractive homeomorphisms inducing a partition on fi, A; : M ^ M are bounded 
functions and Si real numbers, i = 1, . . . , N . Let 

N 

(3.4) i^(/) := ° + s,fo u-i] xu^(n) 

i=l 

//max{|si|} < 1, then the operator SS is contractive on L°°(fl) and its unique fixed 
point f : M. satisfies 

N 
1=1 

Proof. Apply the Banach Fixed Point Theorem. □ 

The fixed point of such an operator is called a, fractal function. Note again that 
/ depends on the row vector of functions A := (Ai, . . . , Xn)- 

If 3i acts on a normeable or metrizable function space then its fixed point, 
under appropriate conditions on A and the scaling factors (si, . . . , s„), is also an 
element of J^. In this manner, one can construct fractal functions with prescribed 
regularity or approximation properties |M4] . 

In case the contractive homeomorphisms u^, i = 1, . . . , A^, induce a uniform par- 
tition of f2, the above expressions become more transparent. In addition, w.l.o.g., 
suppose that = [0,A^]. A natural uniform partition in this case is [0,A^] = 

iV-l 



[i — l,i) U [A^ — 1, A^] and the mappings Ui are given by 



X 

Uz{x) = — + i - 1, i = l,...,N. 

Hence, it suffices to define ui := x/N and then all other mappings are given by 
translating ui: Ui — Ui + {i — 1) = u,j„i + 1, i = 2, . . . , A^. The fixed point equation 
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for a continuous fractal function than reads 

N 

fix) = i>^dN{x - z + 1)) + s, f{N{x - i + 1))] X[^-l,^], X £ [0, N]. 
i=l 

Instead of using translations to obtain U2, • • • , uat from ui, one may choose reflec- 
tions about the partition points i of [0, A^], i ^ 1, . . . , — 1, instead. The reflection 
Ri about the point (i,0) on the a;-axis is given by Ri{x) = 2i — x. As above, let 
ui{x) = x/N and set Ui — Ri-i o Ui_i, i — 2, . . . , N. This also generates a uniform 
partition of [0, A^]. 

Example 3.5. As an example of the two types of continuous fractal functions, 
we consider TV := 3 and Si = S2 = S3 := 0.5. The continuous fractal function / 
is generated by translations in the above sense with A = ((1/3 — si/2)x, ( — 1/6 — 
S2/2)x + l, (1/3 — S3/2)a;-|- 1/2), whereas the continuous fractal function g is gener- 
ated using reflections and with A = ((1/3 — si/2)x, (1/6 — S2/2)x-t-l, (1/3 — 53/2)2; -|- 
1 /2). The values of both functions are the partition points (i, 0), i = 1, . . . , 4, are 
0, 1, 1/2, and 3/2. The graphs of these two fractal functions are displayed in Fig- 
ured 




0.5 1 1.5 2 2.5 3 . 5 1 1 . 5 2 2 . 5 3 



Figure 2. A fractal function generated via translations (left) and 
reflections (right). 

Both fractal functions belong to the four-dimensional linear space n^[a, b]'^ n 
C[a, 6] and the four basis functions are depicted in Figures [3]and|4] 




Figure 3. The four basis functions for the fractal function /. 
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Figure 4. The four basis functions for the fractal function g. 



At this point the question arises whether there is a generahzation of the above 
procedures to higher dimensions. It is possible to define fractal surfaces in M", 1 < 
n G N, using reflections instead of translations in the definition of the contractive 
homeomorphisms Ui . We will see that this leads to a natural way of tessellating the 
embedding space and to the construction of a multiresolution analysis of L^(]R"). 

4. Coxeter groups and foldable figures 

In order to carry out the construction of fractal surfaces using reflections, a 
short excursion into the theory of Coxeter groups and foldable figures is necessary. 
The interested reader is referred to |BoL ICl iGl IGuL iHi, HW_ for more details and 
proofs. 

4.1. Coxeter groups. 

Definition 4.1. A Coxeter group C is a discrete groups with a finite number 
of generators {r, | z = 1, . . . , fc} satisfying 

C = (ri,...,rfe I (r,r,)'"- = 1, l<hj<k) 

where ma = 1, for all i, and rriij > 2, for all i ^ j. {rriij = cx) is used to indicate 
that no relation exists.) 

A geometric representation of a Coxeter group is given by considering it as a 
subgroup of GL{V), where F is a fc-dimensional real vector space, which we take 
to be MJ' endowed with its usual positive definite symmetric bilinear form (•,•). In 
this representation, the generators are interpreted in the following way. 

A refiection about a linear hyperplane H is defined as a linear mapping p : 
V ^ V such that p\h — id// and p{x) = —x, if a; € H-^. In other words, p is an 
isometric isomorphism of V . 

Now suppose that ^ r E H-^, then an easy computation shows that 



is the reflection about the hyperplane H perpendicular to r. One can show that 
the linear mappings Pr^, where {ri\i — 1, . . . , fc} are the generators of a Coxeter 
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group C, satisfy {PnPrj)™^^ ~ idy. It is known that the map i-^ pr- extends to a 
faithful representation of C into GL{V). 

If one considers the group generated by real reflections about linear hyperplanes 
in M*^, then this group is isomorphic to a finite Coxeter group whose k generators 
correspond to the (unit) normal vectors of the set of hyperplanes. 

4.2. Roots systems and Weyl groups. The normal vectors to a set of 
hyperplanes play an important role in the representation theory for Coxeter groups. 
We have seen above that they correspond to the generators of such groups. Two 
such normal vectors, ± r, that are orthogonal to a hyperplane are called roots. 

Definition 4.2. A root system TZis a, finite set of nonzero vectors ri, . . . , S 
M" satisfying 

(1) M" = span{ri,...,rfc} 

(2) r, ar e 7^ iff a = ±1 

2(s, r) 

(3) Vr, s ^ TZ: s ^ — ^— r E TZ, i.e., the root system TZ is closed with respect 

to the reflection through the hyperplane orthogonal to r. 

(4) Vr, sen-. ^^^^ e Z, i.e., pr{s) - s e Z 

(r, r) 

A subset TZ^ C 7?. is called a set of positive roots if there exists a vector v e M" 
such that (r, w) > if r e TZ^ , and {r,v) > if r G TZ\ TZ'^ . Roots that are not 
positive are called negative. Since r is negative iff —r is positive, there are exactly 
as many positive as there are negative roots. 

The group generated by the set of reflections {pr \ r E TZ} is called the Weyl 
Group W of 7^. 

It follows from the definition of root system, that the Weyl group W has finite 
order, indeed it is a finite Coxeter group. 

Example 4.3. A simple example of a Weyl group in is given by the root 
system depicted in Figure [s] The roots are ri = —r^ = (1,0)^ and r2 = — r4 = 
(0, 1)^. The positive roots are ri and r2. The group of reflections generated by 
these four roots is given by 

V4 {pi,P2 I P? = P2 = 1> (PiP2)^ = 1), 
where pi and p2 denotes the reflection about the y-, respectively, x-axis. This 
group is commutative and called Klein's four-group or the group of order four. In 
the classiflcation scheme of Weyl groups V4 is referred to as Ai x Ai since it is the 
direct product of the group Ai (^pi | = l) whose root system is 7?. = {ri,r^} 
with itself. 



Figure 5. The root system for Klein's four-group. 
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For the following, we need some properties of roots systems and Weyl groups, 
which we state in a theorem. 

Theorem 4.4. Let TZ be a root system and W the associated Weyl group. Then 
the following hold. 

(1) Every root system TZ has a basis B = {hi} consisting of positive (negative) 
roots. 

(2) Let Ci := {x e M" | {x, hi) > 0} be the Weyl chamber corresponding to 
the basis B. Then the Weyl group W acts simply transitively on the Weyl 
chambers. 

(3) The set C :— p|j Ci is a noncompact fundamental domain for the Weyl 
group W. Lt is a simplicial cone, hence convex and connected. 

In order to introduce foldable figures below, we need to consider reflections 
about affine hyperplanes. For this purpose, let 7^ be a root system. An affine 
hyperplane with respect to TZ is given by 

(4.1) Hr,k {x e M" I (x, r) fc}, fee Z. 

It is easy to show that reflections about affine hyperplanes have the form 

(4.2) P.,fc(x) =x- ~ r =: pr{x) + kr\ 

{r,r} 

where :— 2r/{r,r) is the coroot of r. 

Definition 4.5. The affine Weyl group W for a root system TZ is the (infinite) 
group generated by the reflections pr^k about the affine hyperplanes Hr^k- 

W := {pr,k \reTZ,keZ) 

We sometimes will refer to the concatenation of elements from W as words. 

Theorem 4.6. The affine Weyl group W of a root system TZ is the semi-direct 
product W K r, where T is the abelian group generated by the coroots r^. Moreover, 
r is the subgroup of translations o/W and W the isotropy group (stabilizer) of the 
origin. The group W is finite and T infinite. 

Remark 4.7. There exists a complete classification of all irreducible affine 
Weyl groups and their associated fundamental domains. These groups are given 
as types An {n > 1), Bn {n > 2), C„ {n > 3), and D„, {n > 4), as well as En, 
n = 6,7, 8, E4, and G2. (For more details, we refer the reader to |Boj or [H].l 

We need a few more definitions and related results. By a reflection group 
we mean a group of transformations generated by the reflections about a finite 
family of affine hyperplanes. Coxeter groups and affine Weyl groups are examples 
of reflections groups. 

Let Q he a, reflection group and On the group of linear isometrics of M". Then 
there exists a homomorphism (p : Q ^ On given by 

(j>{g){x)^g{x)~g{{)), g e ^, a; e M". 

The group Q is called essential if (t>{G) only fixes G M". The elements of kert/) are 
called translations. 
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4.3. Foldable figures. In this subsection, we define for our later purposes 
the important concept of a foldable figure |HW] . 

Definition 4.8. A compact connected subset F of M" is called a, foldable figure 
iff there exists a finite set S of affine hyperplanes that cuts F into finitely many 
congruent subfigures Fi, . . . , F^, each similar to F, so that reflection in any of the 
cutting hyperplanes in S bounding F^ takes it into some F(. 

In Figure |6] are two examples of foldable figures shown. Properties of foldable 




Figure 6. Examples of foldable figures. 

figures are summarized in the theorem below. The statements and their proofs can 
be found in |Bo] and [HW] . 

Theorem 4.9. 

(1) The reflection group generated by the reflections about the bounding hy- 
perplanes of a foldable figure F is the affine Weyl group W of some root 
system. Moreover, W has F as a fundamental domain. 

(2) Let Q be a reflection group that is essential and without fixed points. Then 
Q has a compact fundamental domain. 

(3) There exists a one-to-one correspondence between foldable figures and re- 
flection groups that are essential and without fixed points. 

5. Fractal surfaces on foldable figures 

Afline fractal surfaces were first systematically introduced in [Ml' and slightly 
generalized in [GH . A further generalization was presented in [HMJ. The con- 
struction is again based on IFS's now defined on simplicial regions A C M" such 
that the contractive homeomorphisms ui are afline mappings from A into itself. In 
the present setting, we assume that the domain A is a foldable flgure in the sense 
of the previous section and therefore partitioned into N congruent subsimplices A^, 

N o o 

A=|JA,, and A,nAj = 0,i^j, 
1=1 

Thus, one can find N similitudes Ui : A ^ A^ of the form 

Ui ^ a Oi + hi 

where Oi e E{n), the Euchdean group of M", hi e M", i ^ I, . . . ,N, and a e (0, 1) 
is the similarity ratio between A, and A. As in Section 2, let s G (—1, 1) be an 
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arbitrary scaling factor and {Aj : M" ^ M| i = 1,...,A^} a finite collection of 
continuous affine functions satisfying the following condition. 

^ ^ I Let Bij be the common face of Ui{A) and Uj{A). Then \i{x) = Xj{x) 
|for all X e u^^ie^j) = uj^{eij), i,j = 1, ... ,7V. 

Define an operator ^ : C(A) L°°(A) by 

N 

(5.1) ^/(x) :=5][A,o^iri(x) + s/oj.ri(a;)] xa.. 

i=l 

It can be shown [HM], iGHl IMT], |M2] that ^ maps C(A) into itself and is a 
contractive operator in the sup-norm with contractivity constant \s\. Hence, ^ has 
a unique fixed point / G C{A), called a fractal surface over the foldable figure A. 
As before, there exists a linear isomorphism A :— (Ai, . . . , Aat) i— *■ f\ expressing the 
fact that the fractal surface / is uniquely determined by the vector of mappings A^. 

Example 5.1. Take the foldable figure on the right-hand side of Figure[6]as the 
domain A for an affine fractal function. The four subsimplices Ai, . . . , A4 induce 
four similitudes 

".(-'^k; ;)(:)-©■ 

M^.y) = \ (J [fj + (?) , ..(-.!/) = \{\ J) (;■) + (?) . 

The similarity ratio a equals 1/2. Choose s :— 3/5 and as functions Ai, . . . , A4: 

A.(...):^-i.+ f;,.+ i^:M.,.), 

5 10 5 

13 3 

^3(2;, y) := - a; - — y + — =: \i{x, y). 

A short computation shows that this collection of functions satisfies condition (*). 
Figure [7] shows the graph of the affine fractal surface generated by these maps. 




Figure 7. An affine fractal surface. 

Notice that the affine fractal surface has the value z = at the outer vertices (0, 0), 
(1, 0), and (0, 1) of A, and the values z = 1/2, z = 1/2, and z — 3/10 at the inner 
vertices (1/2, 0), (1/2, 1/2), and (0, 1/2) of A. It is not hard to see that the space of 
affine fractal surfaces over A is six-dimensional; there is one basis fractal surface for 
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Figure 8. Three basis fractal surfaces. 

each outer and inner vertex of A. If we denote the set of inner and outer vertices 
of A by {(ccj, j/j) I 2 < i + j < 4} and by Zij the associated z value of /, then 

/ — (pij , 

where ipij{xk-,ye) = ^ikSji is a basis fractal surface. Three of these basis fractal 
surfaces, namely ipi2, (p2i, and (p22 are displayed in Figure [8] 

Remark 5.2. Let i := {ii,...,ik) G {1, . . . , iV}'''. Then, if {ipi,} is a fractal 
function basis for a fractal surface / defined on a foldable figure A £ M", then 
{ul^p^}, where (u;(/9y)(a;) := o uT'^^x) + s^Lpi, o u7^[x), x e iti(A), is a basis for 

/lui(A)- 

Remark 5.3. A more general class of fractal surfaces can be defined by taking 
the Ai's to be continuous functions satisfying condition (*) and not merely affine 
functions. r jGHMlL IGHM2L IM2] ) 

In order to achieve out goal, namely to construct a multiresolution analysis on 
L^(K"') with an orthonormal basis, we need to take into account the algebraic struc- 
ture of a foldable figure, i.e., its associated affine Weyl group W, when constructing 
afiine fractal surfaces on all of K" . 

To this end, let F C be a foldable figure with G M" as one of its vertices. 
Denote by Ti. be the set of hyperplanes associated with F and by S be the tessel- 
lation of F induced by Ti. The affine Weyl group of the foldable figure F, W, is 
then the group generated by TL. The following theorem summarizes some of the 
properties of F, Ti, and W. 

Theorem 5.4. Let F he a foldable figure with associated set of hyperplanes Ti. 
and affine Weyl group W. Then 
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(1) 7i consists of the translates of a finite set of linear hyperplanes. 

(2) W is simply-transitive on E, i.e., for all cr, r G E there exists a unique 
r G yV such that t = ra. 

(3) yx en : >tH CH. [Here xH := {xH \H eH}J 

Now, fix 1 < >f G N and define A :— xF. Then A is also a foldable figure, whose 
N := x^ subfigures A^ G E. Assume w.l.o.g that Ai — F. The tessellation and set 
of hyperplanes for A are xH and xTi., respectively. Moreover, the affine reflection 
group generated by xTi. is an isomorphic subgroup of W. Note that the similarity 
ratio a = 1/x. By simple transitivity of W, define similitudes : A — s- A^ by: 

ui := (!/>£•)(•) and \fj~2,...,N: Uj-.— rj^ioui. 

Denote by H'' ^ n'*(M") the hnear space of real polynomials of degree at most d and 
choose functions Ai, . . . , Aat G H'* satisfying condition We denote the linear 



space of all such polynomials by J'^. If we define an operator ^ as in Equation (5.1) 
but with A = (Ai, . . . , \m) G (J'')^, then S§ is again contractive in the sup-norm 
on C(A) with contractivity \s\. Hence, it has a unique fixed point, which is the by 
A G ( J'*)^ generated fractal surface f — fx on A. 

To extend / to all of M" we use that fact that the foldable figure F is a 
fundamental domain for its associated affine Weyl group and that it tessellates M" 
by reflections in its bounding hyperplanes, i.e., under the action of W. To this end, 
let 

For A G J^, deflne /a by 

/a| o fA(r)°r'\ reW, 

r(A) 

where A(r) = (A(r)i, . . . , A(r) n) is the r-th coordinate of A. 

Remark 5.5. The values of /a are left unspecifled on the hyperplanes xH, a 
set of Lebesgue measure zero in R", and thus /a actually represents an equivalence 
class of functions. 

6. Dilation- and W-invariant spaces 

Let V he a, linear space of functions / : M" ^ M, an expansive unitary 
operator on V, and W an affine Weyl group. (By an expansive unitary operator on 



V we mean a dilation operator of the form given in (2.3 1 for an expansive matrix 
on M".) 



Definition 6.1. The linear space V is called dilation-invariant if 
and W-invariant if 



C V 



feV=^for£V, VrGW. 

Dilation-invariance of a global fractal function /a can be expressed in terms of 
an associated dilation-invariance of A G J^. 



^More general functions can be used, but for the purposes of this paper the restriction to 
polynomials provides a large and important subclass. 
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Theorem 6.2. Let 1 < >f e N, :— xid^ri and a global fractal function 
generated by A E . Then 

(1) /a is D^-invariant on M" iff A is S^-invariant on , in other words, 

/a = fs^A, 
where : , is given by 

S^A{>crUj), = A{r)j o u, + s [A{r)i - A(r)j], r eW, i,j = 1,. . . ,7V. 

(2) is 6 -invariant. 

Proof. For part (1) see |GHM2^ |M2] . part (2) is a simple calculation. □ 

The above theorem now allows us to generate a multiresolution analysis on 
L^(K"') and define an orthonormal basis for it consisting of fractal surfaces gener- 
ated by functions in J^. 

Definition 6.3. A multiresolution analysis (MRA) of with respect to 

dilation and affine Weyl group W consists of a sequence of spaces {Vk \ k e 
Z} C (K") satisfying 

(1) Vk C Vk+i, for all keZ. 

(2) U{Vfc I fc e Z} is dense in L'^{W'). 

(3) There exists a finite set of generators {0° | a G A} C ^^(M") such that 
is a Riesz basis for Vb. 

(4) / e Vfe =^ Z?^/ e Vfe+i, Vfc e Z. 

We know that is Jj^-invariant and thus we define 

Vo:={/A|Ae J^} 

and 

Vk DlVo, Vfc e N. 
Notice that can be represented by the expansive matrix xl , where / is the n x n- 
identity matrix. In the following, we will not distinguish between the operator D.^ 
and its matrix representation and denote both by D^. 

Since the dimension of {J'^)^ — {d + 1)N , the dimension of dim Vol A is also 
{d+l)N, and thus \A\ = {d+ 1)N. We can take as a basis, a fractal surface basis of 
the type considered in Example ] 5. 1| and apply the Gram-Schmidt orthogonalization 
procedure to it, to obtain an orthonormal basis {(j)"^ | a = 1, . . . , \A\} for Vo|a- 

Let $ := Then Vi C Vb implies the existence of sequence of 

\A\ X |A|-matrices {P{r) \ r e W}, only a finite number of which are nonzero, such 
that 

(6.1) iD-^^){x) = ^(x/x) = P{r) ($ o r){x). 



Equation (6.1 1 is the refinement equation for the scaling vector $ in the current 
situation. 

Theorem 6.4. The ladder of spaces {Vk | fc G Z} defines an MRA of L'^(R") 
with respect to dilation and affine Weyl group W. 
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Proof. See jGHMlL lGHM2llM2] . □ 

For /c G N, define the wavelet spaces Wk ■= Vk+i Q Vk- Since dimWo|A = 
dimVilA — dimVolA = — ^){d + we can again use the Gram- Schmidt 

orthonormalization procedure to construct an orthonormal basis {tp'' \b G B} for 
WoIa, where B has cardinality \B\ = (>f" - l){d+ 1)N. 

Let ^ . . . ,-0'^')^- As Wq C Vi there exists a sequence of \B\ x |^|- 

matrices {Q{r) \ r G W}, only a finite number of which arc nonzero, such that 

(6.2) {D-^^m^) = *(a;/^) = Q(^) ('^ ° 

In addition, one can write down finite decomposition and reconstruction algorithms 
for these multigencrators <i> and The interested reader is referred to |GHMl|, 
IGHM2. .M2j for further details. 



7. Wavelet sets constructed via Coxeter groups 



In this section, a new type of wavelet set is introduced which we will call a 
dilation-reflection wavelet set. It belongs to the Coxeter/fractal-surface multires- 
olution analysis theory. The idea is to adapt Definition |2.8[ replacing the group 
of translations T in the traditional wavelet theory by an aSine Weyl group whose 
fundamental domain is a foldable figure C, and to use the orthonormal basis of 
fractal surfaces constructed in the previous section. 

Remark 7.1. In sections 3-6, the requirement that is a vertex of C is 
not necessary. We chose it for the construction of fractal surfaces since the maps 
are easier to define (otherwise a shift is to be added) and this was consistent with 
earlier treatments of the subject [GHMl, GH M21 IM2] . In the present section, 
however, where we define a dilation-reflection wavelet set, there is a disadvantage 
in requiring that is a vertex of C. It agrees more with the dilation theory if 
is an interior point of C to simplify the application of Definition 2.8 and Theorem 



2.9 to this setting to produce the dilation-reflection wavelet sets. This requires 
an affine shift (as mentioned above) in the Coxeter/fractal surface multiresolution 
theory discussed in the previous sections. The expositional stance we take is to give 



a formal deflnition (Deflnition 7.6) of dilation-reflection wavelet set in more general 
terms involving an affine shift in both the Weyl (abstract translation) group and 
the matricial (abstract dilation) group. We simply take the dilation group flxed 
point in Deflnition 2.8 to be any point 9 in the (nonempty) interior of C . We leave 



the details involving the affine shift in the Weyl group to the reader because they 
are straight-forward, and give explicit details on how the dilation group needs to 



be affinely shifted to agree with Deflnition 2.8 and Theorem 2.9 For the concrete 



examples 7.7 and 5.1 the theory is the simplest from the dilation group viewpoint 
in the case where is in the interior of C and we therefore take 6* = 0. Hopefully, 
these concrete examples will clarify our treatment of the theory. 



In Deflnition 2.8 we take X 



endowed with the Euclidean affine structure 
and distance, and for the abstract translation group T we take the affine Weyl group 
yV generated by a group of affine reflections arising from a locally flnitc collection 
of affine hyperplanes of X. Let C denote a fundamental domain for W which is 
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also a foldable figure. Recall that C is a simplesl^ i.e., a convex connected polytope 
(here we do not assume it has n + 1 vectors), which tessellates M" by reflections 
about its bounding hyperplanes. Let 6 be any fixed interior point of C . Let A be 
any real expansive matrix in Af„(IR) acting as a linear transformation on M". In 
the case where 6 is the orgin in M" we simply take D to be the usual dilation by 
A and the abstract dilation group to be I? = {D^ \ k S Z}. For a general 6, define 
D to be the affine mapping D{x) := A{x - 6*) + 6*, a; G M" and Vg = {D'' \keZ}. 

Proposition 7.2. W) is an abstract dilation-translation pair in the sense 
of Definition [2] 



Proof. By the definition of D, 6* is a fixed point for Dg. By a change of 
coordinates we may assume without loss of generality that 6 = and consequently 
that D is multiplication by A on M". 

Let Br{0) be an open ball centered at with radius r > containing both 
E and C. Since F is open and A is expansive, there exists a fc G N sufficiently 
large so that D'^F contains an open ball B^rip) of radius 3r and with some center 
p. Since C tiles M" under the action of W, there exists a word w £ W such that 
w{C) n Br{p) has positive measure. (Note here that Br{p) is the ball with the same 
center p but with smaller radius r.) Then w{Br{0)) n Br{p) ^ 0. Since refiections 
(and hence words in W) preserve diameters of sets in M" , it follows that w(i3r(0)) 
is contained in B^rip)- Hence w{E) is contained in _D'^(F), as required. 



This establishes part (1) of Definition 2.8 Part (2) follows from the fact that 



9 = and D is multiplication by an expansive matrix in i\f„(M). □ 

Definition 7.3. Given an affine Weyl group W acting on M" with fundamental 
domain a foldable figure C, given a designated interior point 9 of C, and given 
an expansive matrix A on R", a dilation-reflection wavelet set for (W, 9, A) is a 
measurable subset E of R" satisfying the properties: 

(1) is congruent to C (in the sense of Definition 2.4) under the action of 
W, and 

(2) W generates a measurable partition of R" under the action of the affine 
mapping D{x) := A{x ~ 9) + 9. 

In the case where 6' = 0, we abbreviate (W, 9, A) to (W, A). 

Theorem 7.4. There exist (yV, 9, A) -wavelet sets for every choice ofW, 9, 
and A. 



Proof. This is a direct application of Theorem |2.9[ Let C be a fundamental 
domain for W which is a foldable figure, let 9 be any inte rior point of C, and let 



A be any expansive matrix in M„(R). By Proposition 7.2 (V0,yV) is an abstract 
dilation-translation pair with 9 the dilation fixed point. Let C play the role of 
E in Theorem |2.9[ As in the proof of Theorem |2.12| which is sketched above the 
statement of the theorem, let Fa ■= A{B) \ B, where B is the unit ball of R", 
and let F := Fa + 9. Then {D''F | fc e Z} is a partition of R" \ 9, where D is the 



Let {xQjXi, . . . ,Xn} be a set of linearly independent points in M". The set 



2 -^Z 

!=0 



^ Aj = 1, Aj > 0, i = 0, 1, . . . n 



is called a simplex. 
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affinc map D{x) :~ A{xe) + 0- Since F has nonempty interior and is bounded away 
from 9, Theorem |2.9| applies yielding a measurable set W which is simultaneously 
congruent to C under the action of W and congruent ot F under the action of Vg. 
Since F generates a measurable partition of M" under V g, so must any set that is 
Hence W satisfies (2) of Definition 



7.3 



Since it is also W- 



I?e-congruent to F. 

congruent to C, this shows that it is a dilation-refiection wavelet set for (W, 9, A), 
as required. □ 

Remark 7.5. The role of C in the dilation-reflection wavelet theory is anal- 
ogous to the role of the interval [0, 2tt) in the dyadic dilation-translation wavelet 
theory on the real line. For sake of exposition, let us recapture this role: The set 
of exponentials 



(7.1) 



[0:27r) 



e Z 



is an orthonormal basis for L^{[0, 27r)), hence if W is any set which is 27r-translation 
congruent to [0,27r), then 



(7.2) 



is an orthonormal basis for L^{W). A dyadic dilation-translation wavelet set on 
the line has this (spectral set) property, and also generates a measurable partition 
of K under dilation by 2, and consequently the union of the sets 















w 





(7.3) 

















w 





is an orthonormal basis for L^(M). 

So, recapitulating, the role of [0, 2tt) is that it supports a "special" orthonormal 
basis for L^([0, 27r)) induced by the translation group via the Fourier Transform, 
and thus W, being r-congruent to [0,27r), also supports an orthonormal basis for 
L^{W) induced by the r-congruence. The role of the fundamental domain C in the 
dilation-reflection theory is analogous to this. 

For sake of exposition, it is natural to make the following somewhat abstract 
definition. 

Definition 7.6. An abstract wavelet set in M" is a measurable set W that 
produces an orthonormal basis for L^(M") under the action of two countable unitary 
systems acting consecutively, with the first system inducing an orthonormal basis 
for L^{W) by its action restricted to W, and the second is a system of dilations 
by a family of affine transformations on R" whose action on W yield a measurable 
partition of M" (and hence the dilation unitaries when applied to L'^{W) yield a 
direct-sum orthogonal decomposition of i^(]R"). 

In the case of a dilation-translation wavelet set W, the two systems of unitaries 
are V := {D'\ \k G Z}, where A G M„(K) is an expansive matrix, and T := 
{T^ I £ £ Z"}. An orthonormal wavelet basis of L^(M") is then obtained by setting 

■ipw ■— {'m{W))^^/^xw and taking 



|fceZ,£eZ" 
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For the systems of unitaries T) {D\ \ k E Z} and W, the affine Weyl group 
associated with a foldable figure C, one obtains as an orthonornial basis for L^(IR") 



where B^f, = <^(f>°' o r \ a E A, reWj is a fractal surface basis as constructed in the 
previous section. 

In |DL] . two examples of wavelet sets are given in the plane for dilation~2 
(i.e., the dilation matrix is A :— 21, where / is the 2x2 identity matrix) and 27r- 
translation (separately in each coordinate). Both examples are reproduced here and 
it is shown that thejwo dilation-translation wavelet sets are also dilation-reflection 
wavelet sets for {W,9,2I), where W is the affine Weyl group generated by the 
reffections about the bounding hyperplanes of C := [— 7r,7r) x [—tt,tt), and where 
6 = 0. In other words, we take dilation to be exactly the same and replace the 
27r-translation by the action of the Weyl group. We find it quite interesting that 
the same measurable set is a wavelet set in each of the two different theories because 
the Weyl group and the usual translation by 27r-group act completely differently as 
groups of transformations of M^. In some sense, this justifies our usage of the term 
"wavelet set" to denote our construction in the Coxeter/fractal surface theory. The 
other reason is the interpretation given in Remark |7.5[ 

Example 7.7. Let A := 21, where / denotes the identity matrix in M^. For 
n E N, define vectors a, /? G by 



{D^B^ I fc e Z} , 





n 



0, A 




Define 



G 



Go 



n 




oo 



El 



[J G/c c 2Go \ Go; 



k = l 




Bi 



2Go\{GoUEi). 



Finally, let 



Ai 

A2 

As 
Ai 
Wi 



= BiUCi; 



= {i-x,y) I {x,y) e Ai}- 

= {i~x,-y) I {x,y) e Ai}; 

= I ix,y) e ^i}; 

= Ai UAa UA3 Uyl4. 
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It is not hard to verify that Wi is 27r-translation-congrucnt to C = [— tt, tt) x [— tt, tt) 
and a 2-dilation generator of a measurable partition for the two-dimensional plane 
M2\{0}. (Cf. fDT) _ 

The set C is a fundamental domain of the (reducible) affine Weyl group W that 
is generated by the (affine) reflections about the six lines, namely L'^. : x — ±7r, 

: y = ±7r, Lg : x = 0, and : y = 0. (Cf. Left-hand side of Figure |6]) The 
roots for this Weyl group are given by r\ = —r2 = (1, 0)^ and = —r^ = (0, 1)^. 
As a matter of fact, the Coxeter group associated with C is Klein's Four Group or 
the dihedral group D4. Denote by Bj, Cj, and Ej, j = 2, 3, 4, the extension of Bi, 
Ci, and El, respectively, into the jth quadrant. Let and denote the afline 
reflection about the line and L^, respectively. Then it is easily verifled that 
p^p^{Es) U Bi = 2Go- Analogous arguments applied to Ei, E2, and E4 show that 
Wi is yV-congruent to C. 

Since C is a foldable figure, there exists an orthonormal basis for L'^{C) gener- 
ated by fractal surfaces. Now, the sets 2"^"G'o are copies of C under appropriate 



combinations of the maps Ui and we have, by Remark 5.2 for all n S N an or- 
thonormal basis. Hence, the sets Gn have such a basis for all ri S N and since they 
only intersect on a set of measure zero, so do the sets Ej and GqU Ej, j — 1, . . . ,A. 
Since the sets Cj are obtained by applying elements of the afline Weyl groups, i.e., 
isometrics, to GqU Ej, j = 1, ... ,4, one obtains an L^-orthonormal basis for 
Wi- Then, since L^{Wi) is wandering for D^, {DI^B^ : fc e Z} is an orthonormal 
basis for L^{R'^). 

The wavelet set Wi is depicted in Figure [9] (See also [PL] ). 



□ 



Figure 9. The wavelet set Wi in K^. 



Example 7.8. Again, let A :— 21, where / denotes the identity matrix in M^. 
For n e N, deflne vectors d?, /3 G by 

- 22«-2 yo 

Po := 0, Pn ■= y^ctfc- 

k=l 
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Define 



Go 



TT TT 

2' 2 



22, 



-Gq + Pn 



£; Q c 2Go \ Gq; 



k=l 

D:=GoUE^ 
B 2Go \ (Go U E) 



Define 



A2 
W2 



= BUD; 

- {i~x,y) I (a;,y) G Ai}; 

= Ai U ^2. 



That W2 is a dilation-translation wavelet set was established in ^DLj . To show that 
it is also a dilation-reflection wavelet set, note that C is the same foldable figure 
as in Example 
by Li : X = - 



7.7 



above with the same (reducible) affine Weyl group W. Denote 
-TT and L2 '■ X = TT the left and right bounding lines of G and by 
pi, respectively, p2 the corresponding reflections. Let D~ := {{—x,y) \ {x,y) € D}. 
Then it is easy to see that P2{D) U pi{D~) — C, hence that W2 is VV-congruent 
to G. Arguments similar to those used in Example |7.7| show that there exists an 
orthonormal basis for L?{M?) consisting of fractal surfaces. 



The wavelet set W2 is shown in Figure 10 



1 




I 



Figure 10. The wavelet set Wo in 



8. Generalitites and Open Problems 

The two examples that were considered at the end of the previous section are 
representatives of what one might call "three-way tiling sets" of the Euclidean plane 
]R^. To this end, observe that if that Q is a, group of transformation in M" and some 
subset K tiles M" under the action of Q, then any set L that is (y-congruent to K 
also tiles M" under the action of Q. The sets Wi, i = 1,2, are wavelet sets for both 
the affine reffection group W and the translation group T. Both clearly tile 
under translation, but they also tile under reflections since both are W-congruent 
to a foldable figure, namely G = [— 7r,7r] x [— tt, tt], which tiles the plane under 
reflections in its bounding hyperplanes. 
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The fact that Wi and W2 tile under both the dilation and translation group 
makes them dilation-translation wavelet sets, and the fact that they tile under 
both the dilation and reflection group makes them dilation-reflection wavelet sets. 
Indeed, more can be said about these two wavelets sets and the fundamental domain 
C. 

The foldable flgure C is in both situations a fundamental domain for the afline 
Weyl gro up W and for the standard translation-by-27r group T. Recall that by 
yy = yy K r where W is the stabilizer (isotropy group) of the origin 



4.6 



Theorem 

and r the translation group generated by the coroots rj — 27rrj, j — 1, ... ,4 (cf 



Example 7.7). (Note that the k in Equation 4.1 is nk in the two examples.) If 
we denote the intersection group W D T hy J', then we have in this case J7 C T. 
Indeed, is generated by translations of (fc • ATr,£ ■ An), k,£ £ Z. To see this, we 
compute pr^TTk ° Ps,TTe, where r and s are any two of the roots r^, j = 1, . . . , 4, and 
find that for s — ±r 

Pr,-nk ° P±r,-Kt = idM2 ± 2ii{k - £)r, \k- £\> 2, 
whereas for s _L r, 

Pr.Tik o Ps,we = -idR2 + 27r(fcr + £s). 

Thus, every element of W is the product of a simple reflection and a translation by 
[k ■ iw, £ ■ 47r), k,£ £ Z. Furthermore, J' is clearly nontrivial but also big enough so 
that it together with the dilation-by-2/ group satisfies the axioms in the definition 



of "abstract dilation-translation pair" (Definition 2.8 1. In addition, both sets Wi, 
i ~ 1,2, are actually congruent to C via the intersection group J^. In other words, 
for the translation-by-27r congruence only translations in are used, and likewise 
for the VV-congruence. 

These observations suggest now the validity of the following more general sit- 
uation. 

Proposition 8.1. Suppose that C is any foldable figure which is a funda- 
mental domain for both a translation group T and the afline Weyl group W for 
C, and which contains in its interior. If the intersection group Jf oi T and 
W is big enough, in the sense described above, so that for an expansive matrix 
A e Af„(K) the dilation group V for A and the intersection group J is an ab- 
stract dilation-translation pair, then there exist sets W which are simultaneously 
dilation-translation and dilation-reflection wavelet sets. 



Proof. Let B denote the unit ball of M" and let W be the set whose existence 
is guaranteed by Theorem |2. 9 1 (Theorem 1 of [DLSl ) and which is both dilation- 
congruent to F :— A{B) \ B and i/-congruent to C. (Here B is the unit ball of M".) 
Then W is automatically congruent to C by the larger groups, namely the affine 
Weyl group W and the translation group T. Now, dilation-congruence to F and 
translation-congruence to C makes W are dilation-translation wavelet set, whereas 
dilation-congruence to F and W-congruence to C make it a dilation-reflection 
wavelet set. 

The key is that W needs to tile M" under the full translation group T, and also 
the full afline Weyl group W. Since this is true for C , the congruences oi C ioW 
under both groups guarantees that W tiles K", too. □ 
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The two wavelets presented in Examples |7.7| and |7.8| are very special, for the 
reasons given above. In addition, the afRne Weyl group associated with the foldable 
figure C = [— TT, tt] x [— tt, tt] is also rather specific in the sense that it is reducible. It 
consists of the bifold product of the Weyl group associated with the interval [—tt, tt]. 
Theorem 7.4 guarantees the existence of dilation-refiection wavelet sets in general, 
even when the Weyl group is irreducible. So it may be interesting to construct 
concrete examples of such sets. One example of a foldable figure whose affine Weyl 
group is irreducible is given in Figure We therefore pose the following problem. 



PROBLEM 1: Given the foldable figure C depicted in Figure 11 construct con- 
crete examples of dilation-refiection wavelet sets W for C. In particular, are there 
any such examples which are bounded and bounded away from (as are the sets 
in Examples 7.7 and 7.8). In principle, if one follows the proof of Theorem 2.6 in 
[DLSl] using that constructive proof as an algorithm for constructing a wavelet set, 
then dilation-refiection sets for the Weyl group associated with Figure 11 can easily 
be constructed. However, with that method, the sets constructed are not bounded 
subsets of the plane, and are also not bounded away from 0. In addition, they are 
difficult to work with. 



Figure 11. A triangular foldable figure. 

Another interesting question connecting with the above arguments is the fol- 
lowing. 

PROBLEM 2: Let C be any foldable figure in M" containing in its interior and let 
W W K r be the associated affine Weyl group. Suppose that A is any expansive 
matrix in Af„(M), and T a translation group on M" obtained by translating with 
respect to a basis B := 62, for M", i.e., a vector x in M" is mapped 

to a; — (fci6i, fc2&2, fcn^n) for all n-tuples (fci,...,fc„) e Z". Give necessary and 
sufficient conditions for the existence a set W which is simultaneously 

(1) W-congruent to C; 



(2) D A-congTnent to the set F :— A{B) \ B (as in the proof of Theorem 7.4 1; 

(3) T-congruent to the set [0, 61) x [0, 62) x ■ ■ ■ x [0, 6„). (Note that this last 
set is the simplest fundamental domain for T). 

Any W satisfying (1), (2), and (3) would be both a dilation-translation wavelet 
set for {'DjT) and a dilation-refiection wavelet set for {W,A). Conversely, any set 
which is both a dilation-translation wavelet set for {V, T) and a dilation-refiection 
wavelet set for (W, A) must satisfy (1), (2), and (3). In particular, does there exist 
such a W for an irreducible Weyl group, such as the group corresponding to the 
foldable figure in Figure [TT]/ We think that the answer is probably no. But in the 
topic of wavelet sets there are often surprises, so we would not be very surprised if 
the answer was yes. 
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